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Nonstandard analytic methods are applied to obtain results generalizing structure 
theorems of locally finite Frobenius groups and profinite Frobenius groups to the 
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INTRODUCTION 
A proper subgroup H of an arbitrary group G is called isolated if 
whenever g E G - H then H n g-‘Hg = { 11. A proper normal subgroup P of 
G is called CC-normal if whenever f E F - (1) then the centralizer 
C,(f) c_ F. 
A result of Frobenius states that if G is finite and has an isolated 
subgroup H, then F = G - LJ,,, g - *Hg U { 1) is a CC-normal complement 
for H (i.e., G = HF, H f7 F = { 1 }); while (2) if G is finite and has a CC- 
normal subgroup F, then there is a complement H which is isolated. We call 
a general group with this property a Frobenius group. (For the finite case 
this is standard notation.) 
In [K-W] the same situation is shown to be valid for locally finite groups. 
For profinite groups in [G-H-R] with the additional assumption that H and 
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F are Hall-groups the structure theorem of a Frobenius group is also shown. 
It is natural to ask whether there is some “natural” wider class of groups 
containing both locally finite and protinite groups, and giving the Frobenius 
result. 
It is easy to see that, e.g., G = C,[Q,] ( w h ere C, is a cyclic group of order 
2, Qp stands for the p-adic rationals, p odd and C, acts in the semi-direct 
product by inversion) has C, isolated, Qp CC-normal, satisfies the Frobenius 
theorem, and is neither profinite nor locally finite. In this paper we present a 
class of locally compact groups, containing locally finite, profinite and, e.g., 
our example, where the Frobenius theorem is still valid. 
We need some preliminary definitions, and the use of certain standard 
classes of locally compact groups as described in [G-M] or [PI. For G 
locally compact and B < Aut(G) (the group of all continuous 
automorphisms), we recall that G E [IN],, iff G has a B invariant compact 
open neighborhood of the identity; G E [SIN], iff G possesses a fundamental 
system of B-invariant neighborhoods of the identity. We do not assume B > 
Inn G, the group of inner automorphisms of G. If B = Inn G, we simply write 
GE [SIN], resp., G E [IN]. 
For the sake of brevity when N u 1G we write N E [SIN],, where G is 
thought to be mapped into Aut(N) by the restriction of inner automorphisms 
to N, if N has a fundamental system of G-invariant neighbourhoods of 1. We 
write C,(B) = {x E G 1 x4 =x for all /3 E B}. If every element of G is 
contained in a compact subgroup of G, it is said to be a periodic group. A 
special subclass is given in the following: 
DEFINITION 1. We say G E [LF] - (topologically locally finite) iff each 
compact subset of G is contained in a compact subgroup. Note, that for G 
discrete this is just ordinary locally finite. 
\ 
We also need for rc, a set of primes, the concept of a z-Hall subgroup, 
which stems from finite group theory. For G profinite, we use the standard 
concept, as described in [B] or used in [G-H-R]; for G locally finite, H is a 
z-subgroup, if all elements of H have order divisible only by primes in rc. 
DEFINITION 2. Let GE [LF] be totally disconnected. We say S = 
{FilieI is a local system of compact open subgroups for G if 
(i) Fi are open, compact subgroups of G (i E Z); 
(ii) ui,, Fi= G; 
F,cjjii) F or every pair (i, j) E Z x Z there exists some k E Z such that Fi U 
J k’ 
Remark. Every group in [LPI - has a local system of compact open 
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subgroups, and every open compact subgroup is contained in some member 
of a given local system. 
DEFINITION 3. Let G E [LF] - be totally disconnected. We say H < G is 
a Z-Hall subgroup if G has a local system of open compact subgroups 
{ Gi}ip~ such that Gi TI H is a Z-Hall subgroup of (the profinite) group Gi. 
Remark. For a closed normal subgroup N of G and a n-Hall subgroup H 
of G one finds that H n N is a n-Hall subgroup of N. 
DEFINITION 4. A group G is n-divisible, 71 a set of primes, iff for p E z, 
x E G - { 1 }, one can find y E G, s.t. yp = x. For G E [LF] -, totally discon- 
nected, n-divisible is identical with n f? n(G) = 0. 
Our main results are the following ones: 
THEOREM 1. Let G E [LF] - n [IN] be totally disconnected. Let H be 
an isolated n-Hall subgroup of G, then one of the following holds: 
(i) G is a discrete, locally finite Frobenius group, H is a complement. 
(See [K-W] I.J. 3, p. 53.) 
(ii) G is not discrete, H is locally finite, and F = G - U,,, g-‘Hg U 
{ 1 } is a CC-normal complement for H. 
THEOREM 2. Let G E [LF] ~ be totally disconnected, L an open profinite 
normal subgroup, such that G/L is countable. Let F be a CC-normal Hall 
subgroup of G. Then F is open, and there exists an isolated complement H. F 
coincides then with the F defined in Theorem l(ii). 
Remark. By [G-M, 2.13, p. 121, GE [IN]. 
THEOREM 3. Let G, denote the connected component of the locally 
compact group G. Assume G, E [SIN]. and K is a CC-normal subgroup of 
G. One of the following holds: 
(i) G is totally disconnected; 
(ii) the index [G :K] is finite. 
We feel that our method of proof is of interest as well. We have followed 
the ideas in [Hi-M] (generalized on occasions to compact and locally 
compact situations). 
For the convenience of the reader and because it will be a useful reference, 
we have isolated the non-standard analysis to the proof of two (ultimately) 
simple propositions concerning the existence of extensions of functors. 
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These are then applied towards proving the theorems and, along the way, 
giving unified proofs to known useful lemmas. 
The organization of the paper is as follows: In Section 1 we give the 
nonstandard characterisations. In Section 2 we give proofs of the lemmas. In 
Section 3 we give the proofs for the theorems. 
1. NON-STANDARD ANALYSIS 
If the reader wishes to skip this section, he may, provided he accepts 
Propositions 1 and 2, or provides alternate standard proofs for them. 
The basic idea here is simple. To extend a functor to include certain limits 
we use non-standard analysis to extend it automatically to something 
“larger” than the limit and then “drop down” to the limit by a canonical 
map. (See [Hi-M].) 
The exposition here will be intuitive. 
Embed the universe, V, in a non-standard enlargement *V. [This means 
(i) *V is an elementary extension of V in a first-order language rich enough 
to deal with everything we desire (e.g., sets, functors, E, etc.).] This is called 
~Y;~f~,~if *V is “saturated” for V: If for every finite collection of 
a, of A (an infinite set), V includes a b E B such that in V, it 
is true that (~(a~, b) A e.. A ~(a,,, b)) then *V includes an element /3 E *B 
such that in *V it is true that cp(a, j?) for all members a of A (but not 
necessarily all a E *A). 
In the above description, rp is any formula, a, can be elements, sets, spaces, 
functions, or tuples of any kind. A and B are sets in V, *A and *B are their 
counterparts in *V. By (i) if a E A is true in V then a E *A is true in *V. In 
this sense *A may be thought of as an extension of A. Note that for any 
A E V, *A 3 A if A is infinite, while *A = A if A is finite. (The reader should 
be warned that for quickness of exposition we have been sloppy about 
distinguishing language and reference. For example, we should have said V+ 
a E A and hence *V b a E A and thus *a E *A. We would then need to take 
appropriate [*A] = {x 1 *V + x E *A} and then note that there is an 
embedding of A in [*A]. These points will be ignored henceforth-a correct 
exposition is in [D].) 
Now if Z is a set directed by < then *Z is directed by *< which extends <. 
By (ii) there is an element a E *Z such that a > i for all i E I, if Z is infinite. 
Now suppose we have a system of structures and maps forming an inverse 
system over I. 
By (i) we have the following: There is an a E *I and a * structure A, and 
* mappings I+v~: A, + *Ai such that for every i < j < a vs = ~~~~. 
We would like to conclude (by the properties of inverse limit) that (if the 
system has an inverse limit) there (really) is a unique map w: A, + &A i. 
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To do this, requires some absoluteness properties between V and *I’, i.e., 
we need to know that A, is (really) a structure of the category, *A i = Ai for 
i E I and wg are really appropriate morphisms. 
This depends on whether the properties are first-order expressible. For 
example, if Ai is a group, then A, is a group. 
If all Ai are topological groups, then the * topological group A, is not 
necessarily a topological group. [It is equipped with a collection of * open 
sets which satisfy the first-order properties of a topology. However, it is not 
in general, closed under arbitrary union. Nonetheless, *I’ “thinks” it is a 
topological group; for example, it is closed under arbitrary definable union. 
(For more on this, see [Hi-M] or [RI.) This can often be exploited.] 
For facts about non-standard treatment of topological spaces, see [Hi-M]. 
Roughly speaking, near-standard points in *B are points infinitesimally 
close to a point of B. 
We have: 
(1) If T is Hausdorff every point is infinitesimally close to at most one 
standard point. 
(2) If T is compact, every point is infinitesimally close to a standard 
point. 
This allows the definition of a function st: *B -+ B. 
(3) If B is a topological group, then st is a homomorphism, even 
continuous and open in the sense that the pre-image of an open subset of B is 
* open, and the image of * open subset of *B is open. 
Suppose (% ~~nmln>mh,I is an inverse system of compact topological 
groups, the qo,,,, being topological epimorphisms. 
Let a E *I be such that a > n for all II E I. It follows by “transfer” that 
*I’ + H, --H H, for all n. Of course, as discussed above qO,, is really a 
homomorphism. (Note: *V + a sentence means the sentence is true in *V, 
++ denotes an epimorphism.) 
LEMMA. In the above situation, H, ++ bncr H,; in fact, this map splits. 
ProoJ We have, by transfer, a system of maps H, ++Oen *H, for n E I 
such that all diagrams 
*H, *vnm :t “H,. 
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Now we also have *Z-I, hSt H, where st is the standard point map. So we 
have 
Define “q,,, = st “p,,,, . 
Then, by the universal properties of the inverse limit, there is a rp such that 
H,++jimH,. 
Now, to see that this is a splitting map, consider the diagram 
Here t,u, is the natural epimorphism from @H, to H,, w, is by transfer, 
the natural map from *(@H,) to H,. We have here i = w, r @H,. 
Then a, o i = identity (as can be seen by considering the right side of the 
diagram. i 
We are now ready to apply this machinery to the main body of the paper. 
We prove two propositions. 
Let C be a class of locally compact groups closed under epimorphic 
images with compact kernels. We form a category; for G, HE C, C(G, H) is 
the set of all continuous homomorphisms from G to H with compact kernel. 
Let [TK] be the category of compact Hausdorff spaces with continuous 
maps as morphisms. 
PROPOSITION 1. Let F be a right exact covariant functor from category 
C to [TK]. Let c denote the class of inverse limits over directed sets of 
groups in C. Then there is an extension of F to e such that 
(1) P is right exact, 
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(2) If pro cpn,> is an inverse system of groups in d and G = @ G, 
then_(F(G,), F(rp,,)) is an inverse system of compact spaces and F(G) = 
@.E F(G,), 
(3) Moreover, P is unique both for g(G), and for &) whenever rp is 
an epimorphism. 
ProoJ Let G = &I,,,, G, . 
First of all, it should be clear that if (G,, q~,,,) is an inverse system of 
groups in C, then (F(G,), F(q,,)) . IS an inverse system in [TK]. (This is 
because of the right exactness.) 
This means that lim cnEI F(G,) makes sense and so the natural suggestion is 
to define F(G) = l&r, F(G,). We need to check that this is well-defined, and 
satisfies the desired properties. 
Well-defined. Suppose G = bie, Gi = &rjEJ Hj. Then we have the 
following: 
(*I Vncl’meJVj>mF(Hj) -F(GJ and VjcJ3,e,Vn>lF(Gn)-F(Hj), 
where all maps may be chosen compatible with the maps F(cpjjC) and F(rpii,) 
for all i, i’ E I, j, j’ E J. (Here qjj,: Gj - Gj, from the directed system, etc.) 
To see this note first that (*) follows if we can show 
and 
To show this we pick (by saturation) a E *Z such that a *> n for all n E Z 
and we pick /I E *J such that /3 *> j for all j E J. Then we know that G, - 
&I G, (since G, - G, for all n by transfer). 
Hence G, - Hj for all j E .Z. Thus for a fixed j, picking I = a, we know 
( in *V) 
3 v IE’I II>1 G,-H,. 
Hence (by transfer) 
‘l,IVn>,Gn-Hj* 
Since this is true for each j we have 
The same argument will work for the second expression, and thus (*) is 
established. 
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It then follows from the saturation property of *V that we can find an 
a~*I,a*>iforalliEI,andp,rE*J,p,y*>jforalljEJsuchthatthe 
following diagram commutes: 
“w&3) 
*F(KJ - *F(G,) - *F(K,) 
Now we also know, as in the proof of the lemma, that there is a canonical 
map from *F(G,) to F(G,) for m E I, i.e., st 0 *F(q7,,). (Recall that F(G,) 
is a compact group.) 
It then follows just as in the proof of the lemma that 
*F(K,) - !;m P(G,) 
and this maps splits in the natural way. 
But from the lemma we have 
again a natural splitting map. 
This means we have a natural isomorphism from @F(G,) to &F(K,) 
and hence E is well-defined. 
To verify that the properties desired are preserved under our definition, 
suppose G = l& G,, where some of the G, may themselves be inverse limits. 
Replace each of G, by 
GA= 
I 
G, if G, E C, 
G;; if G, = @ G,, (here /I is such that p *> m for all m E J). ma 
Then in *V we have an inverse system of groups in *C. Therefore, pick 
y E *I such that y *> i for all i E I. Now it is clear that F(G,) - @ F(GA). 
Obviously 
&I F(G;) = !im F(G,). 
We now verify the properties. 
Property (i). P is right exact. Suppose G, HE C with G - H. We need 
to show that E(G) - F(H). The only case of interest is when G = &r G,, 
H = l&.r H,. As in the lemma we have p s.t. G, - b G, (a splitting map). 
So G,-lim,~,. Then 
*F(G,) - *P(HrJ for each n in J. 
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It follows by saturation that there is an a *> n for all n in J such that 
*F(G,) + *F(H,). (In non-standard analysis this is sometimes called the 
“over-shoot” principle.) 
But we have 
*F(G,) - “FW, > 
I !;m F(G,) - @ P(H,). 
We have 
* [&n F(G,)] -H *F(G,) + *F(H,) * &nF(H,). 
.I 
So for each m E J we have (in *V) 
*[&I F(G,)] -++ *P(H,). 
It follows by transfer that (in V) 
&I F(G,) -++ F(H,). 
Hence 
!im F(G,) -H !im F(H,) 
Property (ii). Suppose (G,, (D,,,,) is an inverse system of groups in C, 
G = &, G,, Thus we may assume each G, = @J Gi, where each G; E C. 
It is quite elementary to see that G = & Gi, where J is a lexicographical 
ordering, i.e., (i) > (L) if n > 1 or if n = 1 and m > p. 
It follows that 
p(G) = &I F(G;) by the definition of p. 
.I 
It is clear that ($(G,), P(y1,,)) is an inverse limit system (since, e.g., by 
property (i), P is right exact). 
We need to show F(G) = @,P(G,). This can be seen by noting first that 
F(G) = l&F(Gr) -++ F(GF) for each m and k; thus p(G) --H p(G,,,) = 
&, F(Gr) for each m and thus p(G) + @ P(G,). 
Second, note that & p(G,) + p(G,) for each m and thus for each m, k 
& @(G,) -H F(Gr). Hence &J&G,) + P(G). 
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But now consider the diagram 
)IJ p(G,) - &n F(G;) - @ f(G,). 
Since all the maps are unique the diagram commutes and these are 
isomorphisms. (Note: It is interesting to note an alternative approach to this 
fact: consider 
*(&I F(G,)) - F(Gt) A+ !im k(G,). 
st 
This diagram commutes. Hence the kernel of v is precisely the image of 
elements in the kernel of st. These are elements which could be called 
“infinitesimally close to 0” in Gt. This is precisely the kernel of 
Gfl -H @ G;.) 
Property (iii) uniqueness. p(G) is uniquely determined by (ii). If 
l&G,* V @ Hj, it follows that @ G, ++ Hj for each j (by composition) 
and then by right exactness l&P(G,,) + F(Hj). Hence there is a unique 
epimorphism 
&n F(G,) --H &I F(H,). 
This is F(q). (A proof in the non-standard vein would use the commutative 
diagram 
&I F(G,) - @ F(H,)). 
Proposition 1 will be used to get the existence of centralizers of elements 
or groups in projective limits. 
Our next statement is intended to cover proofs for a profinite version of 
the Schur-Zassenhaus theorem [G-H-R, PL] and the existence of maximal 
tori in compact connected groups. 
Let C denote a category of compact groups, closed under continuous 
homomorphisms. For G, H E C let C(G, H) be the set of continuous 
homomorphisms of G to H. We also want to formulate properties of certain 
families of closed subsets of groups in C. Let Sd be the category of compact 
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Hausdorff spaces, with ordinary maps as morphisms. For G, HE C let T(G) 
be the set of all closed subsets of G, and for (o E C(G, H), A E T(G) put 
Z@)(A) = rp(A) = {p(x) 1 x E A}. T defines a covariant functor from C 
to SK. 
PROPOSITION 2. Let F be a covariant functor from C to Sk? such that 
(i) for G E C one has F(G) E T(G); 
(ii) if G, HE C, cp E C(G, H), then F(p) = T(q); 
(iii) F is right exact. 
Next, put d = class of projective limits of groups in C over directed sets, and 
again continuous homomorphisms as morphisms. There is a unique extension 
P: d -+ Sk?- of F s.t. (i)-(iii) is satisfied for fi and, in addition: 
(iv) if (G,, rp,,,) is an inverse system of groups in e, q,,,,, surjective, 
and if A, E #(G,), s.t. rp,,(A,) = A,, then putting A = @A,,, one has 
A E F(G). 
ProoJ: The definition and proofs are quite natural using the tools we 
have developed so far. 
Suppose G = @ G,. It follows by the lemma that there is a G, such that 
G, -++ G, for each n and a unique w: G, ++ G. 
Define R(G) = {w(A,) 1 A, E *F(G,)}. (Note that *F(G,) is defined by 
transfer.) 
We need first to show this function is well-defined and then that it satisfies 
the properties required by the Proposition. 
Well-defined. As in Proposition 1, it is clear that p does not depend on 
the choice of G,. So, suppose 
G=@G,= @ H,. 
IlEl rnd 
Then again, as in the proof of Proposition 1, we can find a’ > a E .Z*, /I E Z* 
such that 
By the lemma, all of the vertical maps are unique, hence all diagrams 
commute. 
Moreover, by transfer of the right exactness of F, every member of 
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*F(H,) has a pre-image in *F(G,) and every member of *F(G,) has a pre- 
image in *F(H,,). Thus P is well-defined. 
Property (i). If G E c we need to show p(G) c T(G). We may assume 
that G=@G,. 
Suppose A E F(G). Then A = ~(4,) for some A, E *F(G,). Now by the 
property of (D (i.e., w is the unique map through inverse limit), qn 0 w = 
st 0 fp;: 
*G,--sl-, G,. 
Hence for all n, q,,(A) E 7’(G,). Hence w(A) E T(G). 
Property (ii). This is by delinition, i.e., we set P(q) = T(q). (It is also 
interesting to consider the commutative diagram presented in the paragraph 
below here; i.e., E(p) = w o 3, where 1: G, -++ H,, H, -++ H.) 
Property (iii). Suppose x: G +P H. Without loss of generality, we may 
assume that G = $mi,, G, while H = !im;,, Hi, where Gi, Hj E C. Let 
A E p(H) be arbitrary. By considering G -4 H + Hi we see that G ++ Hj 
for all j E J, hence x is a unique such epimorphism. 
By the saturation property there is a p E *J with /I > j for] E J, such that 
G,-H~ H,,. 
Now by the definition of F(H) there is an A, E *F(H,) such that 
i&4,) = A (where v/: H,, -+P H). By transfer, *F(q) is epimorphic, therefore 
there is a B, E *P(G,) such that *F(p)@?,) = A,. By considering the 
following commutative diagrams 
G,-H 4 B,cG,-A 4 
G&H BcG -A. 
We see that x(B) = A. Hence P is right exact. 
Property (iv). We know that for any iI,..., i, E I, k a standard integer, 
there is an i E 1, such that i > i, ,..., i, and Ai E F(Gi) s.t. 
A$++A+...,A. ,LAik. 
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Hence by our saturation property there is a /3 E *I and A, E *F(G,) such 
that A B -++ Ai for all i E I. Hence (p(A& E F(G) and it is clear (by 
considering the maps) that v(A,) = @A,. 
2. PRELIMINARY RESULTS 
The results of this paragraph are known. We use them to derive Theorems 
l-3. We also give unified proofs of all of them, by more or less 
straightforward application of Proposition 1 or Proposition 2. For the sake of 
brevity, we introduce, for G E [LF] - (Definition l), and G totally discon- 
nected, the set of its prime divisors in the following way: p E z(G) iff G 
contains a non-trivial pro-p-subgroup, p a prime. 
LEMMA 1. [G-H, 2.91. Let G beprofinite, B < Aut(G), G E [SIN],, B E 
[LF] - and totally disconnected, acting continuously on G. Let H be a closed 
B-invariant subgroup of G, and assume n(B) f7 z(H) = 0. If (xH)~ = xH for 
some x E G, then one can find y E xH, s.t. yB = y. 
Proof. From G E [SIN], profinite, it follows that G possesses a system 
of B-invariant open normal subgroups, constituting a fundamental system @ 
of neighbourhoods of the identity. We want to apply Proposition 1. Put C = 
{G/N, NE @} and for R, SEC put C(R, S) = set of canonical projections of 
R to S, or the empty set, respectively. For G/NE C put F(G/N) = 
{t ExHN/N, tE = t}, and. for R, SE C, p:R -tS put F(q) to be the 
restriction of @ to F(R). It is easy to check that F is a covariant functor. 
Note that B acts on groups in C as a finite group of automorphisms. 
From Glauberman’s result [H, 1.18.6, p. 13 1 ] it follows that F is right 
exact. Propos_ition 1 gives an extension F of F to G, s.t. k(G) = & F(G/N). 
Clearly y E F(G) satisfies yB = y. 
COROLLARY. Let G be profinite, a E Aut(G), ap = 1, p a prime and 
p E n(G). If a acts without fixed points, then G is nilpotent. 
Proof. Set B = (a) in Lemma 1; then G E [SINIB, since a has finite 
order. Let @ be as in the proof of Lemma 1; then for NE @, letting H = N 
in Lemma 1 we infer that a acts fixpoint free on G/N. But then Thompson’s 
theorem [H, V.481 asserts that G/N is nilpotent of class less than some 
function f (p) which only depends on p. Hence the same is true for G. 
LEMMA 2. Let G E [SZN],, Inn G Q B < Aut G. Assume the connected 
component G, is compact. Then C,(B), = @(C,,,(B)),, where N runs 
through any system @ of closed normal, B-invariant subgroups contained in 
GO, having trivial intersection, and closed under finite intersection. 
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Moreover, if q: G, ++ G,, where G,, G, E [SIN],, then yl(C,,(R),)= 
CGp% 
Proof: Note G, = @nNE9 G,,/N. Let C be {G,/N 1 NE a), with the 
nontrivial maps as morphism% (or the empty set, respectively). Next define 
W/N) to be G&W0 and for (D: R -+ S, define F(q) to be the restriction 
of q to F(R). From [G-H, 4.1(l), (2), (3)) it follows that F is well defined 
and right exact. Therefore Proposition 1 yields an extension P of F to G,, 
s.t. P(G,) = @ F(G,/N) = !im C,,,,@),. From Cc,(B)eNIN= P(G,)N/N, 
for NE @ the result follows. The last statement is just the right exactness 
OfR I 
For G compact connected, let us call T a maximal torus, if it is a maximal 
abelian, connected closed subgroup of G. 
LEMMA 3. If G is compact connected, then there is a maximal torus, and 
any two of them are conjugate. Moreover, any element of G is contained in a 
maximal torus. 
ProoJ Let @ be the system of compact normal subgroups N, s.t. G/N is 
a Lie group. It is known that @ is directed by inclusion and G = @ G/N. 
Put first C= {G/N] NE @}, with the canonical maps as morphisms. Let 
F(G/N) = {maximal torus of G/NJ and for ~0: R -+ S, R, S E C put F(q) just 
as it is done in Proposition 2. From [L, Lemma 1.3, p. 5] it follows F is well 
defined and right exact. Proposition 2 also yields an extension P of F to G. 
Since p(G) is not empty, there is a non-trivial maximal torus of G (since E is 
right exact). Next let T,, T, be in E(G). In Proposition 1 let C be as defined 
above, but F(G/N) = {x E G/N ( (T, N/N)X = TIN/N}, and for q: R -+ S put 
F(v) to be the restriction. It is an elementary fact from compact Lie groups, 
that for x E F(G/N) there exists a z E F(G), such that zN/N = x. Hence F is 
right exact, and by Proposition 1, g(G) =@ F(G/N) exists. Clearly for 
x E p(G), TT = T,. Next, let x E G. In Proposition 2, put F(G/N) = (T 1 T is 
a maximal torus of G/N such that xN/N E T}. It is easy to see that F is right 
exact, and so the result follows, since x E T E E(G). 
LEMMA 4. (Schur-Zassenhaus-Platonov). Let G be a profinite group 
and K a closed normal Hall subgroup. Then there exists a closed Hall- 
subgroup H of G, s.t. G = HK and H n K = 1. Any two complements are 
conjugate. 
Proof. Let Qi denote the set of all closed normal subgroups of finite index 
in G. We have G = @,,,,, G/N. Let C = (G/N 1 NE @ } and take morphisms 
to be the canonical projections. Define, in Proposition 2, F(G/N) = 
{complements of KNIN in G/N}. By [H,I.13.6,p. 1311 F(G/N) is not 
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empty, and one can define for R, SE C, and q: R + S, F(p) as in 
Proposition 2. F(o) is right exact. Let p be the unique extension of F to G 
according to Proposition 2. Then H E p(G) possesses the required properties. 
The proof of conjugacy works in the same way as in Lemma 3 and will be 
omitted. 
3. PROOF OF THE THEOREM 
For the proof of Theorem 1, we use the following result due to Gorfakov, 
which also leads to a simplification of proofs for prolinite groups. 
PROPOSITION 3. (Gorcakov). Let K 4 G-W Q be an exact sequence of 
(discrete) groups, H an isolated subgroup of G, K locally nilpotent and n(H)- 
divisible, Q locally jkite. Then F = G - U,,, g-‘HgU (1) is a normal 
subgroup of G, G = HF and H n F = 1. This is [G, Th. 1, p. 13971. 
Proof of Theorem 1. If G is discrete, it is locally finite, and therefore 
[K-W, I-J.31 implies that (i) holds. From [G-M, 2.13, p. 121 it follows that 
there exists a prolinite open normal subgroup K of G. Since Hn K is a Hall 
subgroup of K, and since it is isolated, Theorem 3.6 in [G-H-R] yields K = 
(H f’ K)F, H n K n F = 1, F is characteristic in K, hence normal in G, 
1 H f? KI < co, so F is open. We assume therefore H n K = 1. Then HK is a 
semi-direct product, and H acts elementwise fixed point free by conjugation. 
Let h E H - {l}, then (h)K is a profinite Frobenius group, and K is 
nilpotent. Since n(H) n n(K) = 0, K is r(H) divisible and so Proposition 3 
guarantees that (ii) holds. 
Proof of Theorem 2. Let L be an open normal subgroup of G. Clearly 
L n F # 1. If L n F < L, L is a profinite Frobenius group by Theorem 3.6 in 
[G-H-R], and so L n F is open in G. Therefore we may assume F is open in 
G, and G/F is countable locally finite. Case (1). F is compact. We may 
assume G = lJ,“= r G,, G,, i 3 G, 2 F, G, compact subgroups. From 
Lemma 4, G, = H, . F, H, n F = 1 and choosing suitable conjugates always 
of a complement for F in G,, H, being a Hall subgroup of G,, one can 
arrange H,+I 2 H,. For H= fJ,“=, H,, G=HF, HnF=l and H is 
isolated. Case (2). F is not compact. We claim, that F/F n L is a CC-normal 
subgroup of G/F n L. Assume, this is false and let s 6$ F, t E F - F n L, 
such that [s, t] E F n L. Then, in Lemma 1, put B = (s), H = F n L, x = t. 
Since (s) n F = 1, rc((s)) n n(F) = 0 and there exists y E t(F f7 L) s F - { 1) 
s.t. [s, y] = 1 a contradiction. Hence G/F n L is a locally finite Frobenius 
group by [K-W, 1.5.3, p. 531 and so G/Fn L = Ha F/Fn L. Next, consider 
the exact sequence F n L 4 G, --t) H, which is split again, since F n L is 
now compact (Case 1). Therefore G = H . F and H n F = 1. To show H is 
TOPOLOGICALFROBENIUS GROUPS 31 
isolated, let h, h, E H such that for some g = h2f, h = g-‘h, g. Then 
h;‘h,h,= [h;‘h,h,f]~HnP= 1, so thatf= 1, andgEH. 
Proof of Theorem 3. If K f7 G, = 1 then (i) holds. Observe that K 0 G, 
is a CC-normal subgroup in G,. By Lemma 3 there exists a maximal torus 
T, such that G, = Ugcc,g-’ Tg. For k E K n G, it follows that k E g-‘Tg 
for a suitable g and so g-‘rg 6 K. Since K is normal, this implies T< K 
and so G, < K. Fix T a maximal torus of G,. Then K n N,(T) is a CC- 
normal subgroup of N,(T), and G, E [SIN]c implies TE [SZN]~V,(j(T,. 
Therefore, one can find an N,(T) invariant proper closed subgroup I, of T, 
such that T/L is a Lie group, hence isomorphic to T”, for some n- 
dimensional torus, n > 1. Since G is periodic NJT) induces an action on 
T/L as a torsion group. But such a group, as a subgroup of SL(n, Z) is 
finite, so there exists a closed subgroup U of finite index in N&T) such that 
U induces a trivial action on T/L. In Lemma 2 put, G, = T, G, = T/L, and 
B = U, then C,(U)L/L = C,,,(U) = T/L follows. In particular, C,(U) # 1 
and so U < K n N,(T). Finally, from G = N,(T) G, and G, <K, it follows 
that G/K = N,(T)G,/K r N,(T)K/K z N,(T)/N,(T) r‘l K, which is finite; 
hence (ii) holds. 
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